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BOUNDED SOLUTIONS OF DIFFERENCE EQUATIONS IN A BANACH SPACEWITH
ASYMPTOTICALLY CONSTANT OPERATOR COEFFICIENT

A. V. Chaikovs’kyi1;2 and O. A. Lagoda3 UDC 517.929.2

We study the problem of existence of a unique bounded solution for a difference equation on the half axis
with asymptotically constant operator coefficients in a Banach space. Necessary and sufficient conditions
for the existence and uniqueness of bounded solutions are obtained for equations with and without initial
condition.

Introduction

Let .X; k � k/ be a complex Banach space, let L.X/ be a subspace of linear continuous operators in X; and let
I 2 L.X/ be the identity operator. By �.A/ we denote the spectrum of the operator A 2 L.X/: We use the term
“subspace” for a closed linear subset of X:

Consider a difference equation on the semiaxis

xnC1 D Anxn C yn; n � 0; (1)

where fAn : n � 0g ⇢ L.X/ and fyn j n � 0g ⇢ X are known sequences and fxn j n � 0g ⇢ X is the required
sequence.

Equations of this type were investigated by numerous leading experts in the field of differential equations,
including, in particular, Samoilenko, Boichuk, Dorogovtsev, Slyusarchuk, Horodnii, Pokutnyi, and many others
(see, e.g., [1–5] and the references therein).

Equations with constant coefficients are studied most comprehensively. In particular, the following results are
well known for the bounded solutions of Eq. (1) in the case of a constant operator coefficient:

Theorem 1 [5, 6]. The difference equation (1) with An D A; n � 0; has a unique bounded solution fxn j
n � 0g ⇢ X for any bounded sequence fyn j n � 0g ⇢ X if and only if

�.A/ ⇢ fz 2 C j jzj > 1g:

Theorem 2 [7]. The difference equation (1) with An D A; n � 0; has a bounded solution fxn j n � 1g ⇢ X

for any bounded sequence fyn j n � 0g ⇢ X and any x0 2 X if and only if

�.A/ ⇢ fz 2 C j jzj < 1g:
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In the general case of variable operator coefficient, the conditions of existence and uniqueness of a bounded
solution are connected with the condition of discrete exponential dichotomy (see, e.g., [8]). The problem of
verification of these conditions is quite complicated. Therefore, the investigation of special cases is very important.
As one of these cases, we can mention the case of piecewise constant operator coefficients for equations on the
entire axis whose investigation was originated in [9, 10].

In the present paper, we consider another important case in which the coefficient asymptotically approaches a
constant operator. Namely, we study the problem of existence and uniqueness of a bounded solution of Eq. (1) in
the case of a variable operator, which is asymptotically stable at infinity.

The following definition describes the exact conditions for the asymptotic behavior of operators at infinity:

Definition 1. By As.X/ we denote the class of all sequences fBn : n � 1g ⇢ L.X/ satisfying the following
conditions:

(i) there exists an operator B 2 L.X/ such that (in the matrix form)

Bn ! B; n ! C1I

(ii) 8n � 0 : 9B�1
n 2 L.X/I

(iii) 8n � 0 : BnB D BBnI

(iv) 9B�1 2 L.X/I

(v) 9C > 0 : 8m; n � 0; m < n :
Yn

kDm

��
B

�1
Bk

��  C I

(vi) 9C > 0 : 8m; n � 0; m < n :
Yn

kDm

��
B

�1
k B

��  C:

Equation without Initial Conditions

By

l1.X/ WD
º
.x1; x2; : : :/

ˇ̌
ˇ̌ sup
n�1

jxnj < C1
Ω

we denote a Banach space with uniform norm.

Lemma 1. Suppose that C 2 L.l1.X// and a sequence fAn : n � 1g ⇢ L.X/ has (in the operator form)
the limit A 2 L.X/: Then, for any bounded sequence v 2 l1.X/; there exist N 2 N and a bounded sequence
u 2 l1.X/ such that

.An � A/.Cu/n C un D vn; n � N: (2)

Proof. Let C be a nonzero operator (otherwise, the statement is obvious). In view of the asymptotic behavior
of the operator coefficient in condition (i), we can take a sufficiently large N 2 N such that

8n � N : kAn � AkkCk  1

2

:
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We seek the required sequence u in a subspace

l1.X;N / WD

8
<

:

0

@
0; : : : ; 0„ ƒ‚ …
N�1

; xN ; xNC1; : : :

1

A
ˇ̌
ˇ̌
ˇ x 2 l1.X/

9
=

;

of the space l1.X/:

Denote

.Dx/n D .An � A/xn; n � N:

Thus, D is a linear continuous operator in the space l1.X;N / whose norm does not exceed
1

2kCk :

Let PN be a projector from the space l1.X/ onto the subspace l1.X;N /; which transforms the first N � 1

coordinates into zero elements. Denote CN D PNC: Then CN is a linear bounded operator in the space l1.X;N /

whose norm does not exceed kCk:
We can now rewrite Eq. (2) as an equation in the space l1.X;N / of the form

DCNuC u D PN v:

Since

kDCN k  1

2kCk kCk D 1

2

< 1;

this equation has a unique solution u 2 l1.X;N /:

Lemma 2. Suppose that the sequence fAn : n � 1g belongs to the class As.X/ and has the limit A 2 L.X/:

Denote

R.n;m/ WD AnAn�1 : : : AmC1; n > m � �1; R.n; n/ D I; n � �1;

R.m; n/ WD .R.n;m//

�1
; n > m � �1:

An arbitrary solution of Eq. (1) has the form

xn D R.n � 1;�1/x0 CR.n � 1; 0/y0 CR.n � 1; 1/y1 C : : :CR.n � 1; n � 1/yn�1; n � 1;

and there exists a constant L > 0 such that

8m � �1; n � �1 : L

�1  kR.n;m/A

m�nk  L:

Proof. By induction, we can easily show that the proposed formula for the solution is true. In view of
conditions (v) and (vi) from the definition of the class As.X/; there exists a constant C > 1 such that

8n � 0 :
n�1Y

mD0

��
A

�1
m A

�� 2 Œ1=C; C ç;
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8n � 0 :
n�1Y

mD0

��
A

�1
Am

�� 2 Œ1=C; C ç:

Thus, for n > m � �1; we get

kR.n;m/A

m�nk D
��
AnA

�1
: : : AmC1A

�1
�� 

nY

kDmC1

��
AkA

�1
��  C

2
;

kR.m; n/A

n�mk D
��
A

�1
mC1A : : : A

�1
n A

�� 
nY

kDmC1

��
A

�1
k A

��  C

2
;

kR.n;m/A

m�nk � kR.m; n/A

n�mk�1 � 1=C

2
;

kR.m; n/A

n�mk � kR.n;m/A

m�nk�1 � 1=C

2
;

and we can set L D C

2
:

Theorem 3. Suppose that the sequence fAn : n � 1g belongs to the class As.X/ and has the limit A 2
L.X/: The difference equation (1) has a unique bounded solution fxn j n � 0g ⇢ X for any bounded sequence
fyn j n � 0g ⇢ X if and only if

�.A/ ⇢ fz 2 C j jzj > 1g:

Proof. Necessity. Assume that, for any bounded sequence fyn j n � 0g ⇢ X; there exists a unique bounded
solution fxn j n � 0g ⇢ X:

By the Banach theorem on inverse operator, there exists a linear continuous operator C : l1.X/ ! l1.X/;

which transforms an arbitrary bounded sequence fyn j n � 0g ⇢ X into the corresponding bounded solution
fxn j n � 0g ⇢ X of Eq. (1).

By contradiction, assume that there exists z 2 �.A/; jzj  1: Then one of the following two cases is possible:

1. z is an eigenvalue of the operator A:

9v 2 X; v ¤ 0 : Av D zv:

Since jzj  1; the sequence
¶
A

n
v : n � 1

·
is bounded. By Lemma 2, we get

kR.n;�1/vk D kR.n;�1/A�n
A

n
vk  L kAn

vk ; n � �1:

This means that the sequence fR.n � 1;�1/v : n � 0g is bounded. However, this sequence is a solution of the
homogeneous equation (1). Since the operator R.n � 1;�1/ has the inverse, this solution is nontrivial. We arrive
at a contradiction.

2. z is not an eigenvalue of the operator A but there exists an element v 2 X such that

8x 2 X : .A � zI /x ¤ v:
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We rewrite Eq. (1) in the form

xnC1 D Axn C .An � A/xn C yn; n � 0: (3)

By using Lemma 1, we can find N 2 N and a bounded sequence fyn j n � 0g ⇢ X such that

.An � A/.Cy/n C yn D z

n
v; n � N:

The bounded solution x D Cy 2 l1.X/ of Eq. (3) corresponding to this sequence satisfies the equation

xnC1 D Axn C z

n
v; n � N: (4)

This equation cannot have another bounded solution because the fact that the sequence
¶
A

n
xN : n � N

·
is

bounded leads to a contradiction as in Case 1.
However,

¶
wn D z

�1
xnC1 : n � N

·

is also a bounded solution of Eq. (4). Therefore, xn D z

�1
xnC1; n � N: Thus, we get xn D z

n�N
xN ; n � N:

Substituting this in (4), we obtain

z

1�N
xN D Az

�N
xN D v , .A � zI /

⇣
�z�N

xN

⌘
D v:

We arrive at a contradiction.

Sufficiency. Assume that �.A/ ⇢ fz 2 C j jzj > 1g. This implies that the spectral radius of the operator A�1

is smaller than 1. Hence,

9C > 0 9" 2 .0; 1/ 8n 2 N : kA�nk  C.1 � "/

n
:

By using Lemma 2, we get

kR.m; n/k  L kAm�nk  LC.1 � "/

n�m
; n > m � �1:

Thus, for any bounded solution fxn j n � 1g; by using the representation from Lemma 2, we get

x0 CR.�1; 0/y0 CR.�1; 1/y1 C : : :CR.�1; n � 1/yn�1 D R.�1; n � 1/xn ! 0; n ! 1:

Hence, the element

x0 D �
1X

kD0

R.�1; k/yk

is determined uniquely. The solution starting from this element is bounded due to the estimate

kxnk D
�����

1X

kDn

R.n � 1; k/yk

�����  kyk1
1X

kDn

LC.1 � "/

k�nC1  LC

"

kyk1:
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Example 1. In the space X D C.Œ0; 1ç/ with uniform norm, we consider the operators

.Anx/.t/ D e

tCa
.1C t

n � t

nC1=n
/x.t/; t 2 Œ0; 1ç; n � 1;

where a 2 R is a constant. These operators have the uniform limit A given by the equality

.Ax/.t/ D e

tCa
x.t/; t 2 Œ0; 1ç:

Indeed, in view of the fact that the function g.t/ D t

n � t

nC1=n takes the maximum value on the segment Œ0; 1ç at
the point

t D
✓

n

2

n

2 C 1

◆n

;

we get

kAn � Ak D max
t2Œ0;1ç

ˇ̌
ˇtn � t

nC1=n
ˇ̌
ˇ D

✓
n

2

n

2 C 1

◆n2

�
✓

n

2

n

2 C 1

◆n2C1

D rn:

Moreover,

rn D 1

n

2 C 1

✓
n

2

n

2 C 1

◆n2

⇠ e

�1

n

2
! 0; n ! 1:

For the sequence fAn : n � 1g; we check the remaining conditions of belonging to the class As.X/: All
mentioned operators have inverse operators and are commuting. Moreover,

��
AnA

�1
�� D max

t2Œ0;1ç

ˇ̌
ˇ1C t

n � t

nC1=n
ˇ̌
ˇ D 1C rn;

��
AA

�1
n

�� D max
t2Œ0;1ç

ˇ̌
ˇ.1C t

n � t

nC1=n
/

�1
ˇ̌
ˇ D 1:

Since the infinite product
Y1

nD1
.1C rn/ is convergent, conditions (v) and (vi) are satisfied.

The spectrum of the operator A is the segment
⇥
e

a
; e

1Ca
⇤
of a real straight line in the complex plane.

By virtue of Theorem 3, Eq. (1) has a unique bounded solution for any known bounded sequence if a > 0: In
the other cases, the condition of existence and uniqueness is not true.

Equation with Initial Condition

Theorem 4. Suppose that the sequence fAn : n � 1g belongs to the classAs.X/ and has the limitA 2 L.X/:

The difference equation (1) has a bounded solution fxn j n � 1g ⇢ X for any bounded sequence fyn j n � 0g ⇢ X

and any x0 2 X if and only if

�.A/ ⇢ fz 2 C j jzj < 1g: (5)

Proof. Necessity. Assume that, for any x0 2 X and any bounded sequence fyn j n � 0g ⇢ X; the solution
fxn j n � 1g ⇢ X is bounded.
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1. Let yn D 0; n � 0; and let x0 2 X be arbitrary. In this case, the analyzed solution takes the form

xn D R.n � 1;�1/x0; n � 1:

In view of its boundedness, we get

8x0 2 X : sup
n�0

kR.n � 1;�1/x0k < C1:

By the Banach–Steinhaus theorem, we obtain

sup
n�0

kR.n � 1;�1/k < C1: (6)

2. Let yn D R.n;�1/z0; n � 0; and let x0 2 X and z0 2 X be arbitrary. In this case, the solution has the
form

xn D R.n � 1;�1/.x0 C nz0/; n � 1:

Since the solution is bounded and condition (6) is satisfied, we have

8z0 2 X : sup
n�1

��
nR.n;�1/z0

��
< C1: (7)

By the Banach–Steinhaus theorem, we get

sup
n�1

knR.n;�1/k < C1: (8)

3. Let

yn D .nC 1/R.n;�1/z0; n � 0;

and let x0 2 X and z0 2 X be arbitrary. This sequence is bounded by virtue of (8). By induction, we easily show
that the solution takes the form

xn D R.n � 1;�1/
✓
x0 C

.nC 1/.nC 2/

2

z0

◆
; n � 0:

Since the solution is bounded and relation (6) is true, we have

8y0 2 X : sup
n�1

��
n

2
R.n;�1/

��
< C1:

By using the conditions from the definition of the class As.X/ and the inequalities

kAnk D
��
R.n � 1;�1/A�1

0 A : : : A

�1
n�1A

��  kR.n;�1/k
n�1Y

kD0

��
A

�1
k A

��
; n � 1;
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we conclude that the sequence
¶
n

2
A

n : n � 1

·
is bounded.

This implies that, for any z 2 C; jzj � 1; the series

1X

nD0

kz�n
A

nk

is convergent and, hence, the inverse operator .A � zI /

�1 2 L.X/ exists.
Therefore, the condition �.A/ ⇢ fz 2 C j jzj < 1g is satisfied.

Sufficiency. Let condition (5) be satisfied. This implies that the spectral radius of the operator A is smaller
than 1. Hence,

9C > 0 9" 2 .0; 1/ 8n � 0 : kAnk  C.1 � "/

n
:

By using Lemma 2, we get

kR.n;m/k  LkAn�mk  LC.1 � "/

n�m
; n � m � �1:

Therefore, the solution of Eq. (1) is bounded for any x0 2 X :

kxnk  kR.n � 1;�1/x0k C
�����

n�1X

kD0

R.n � 1; k/yk

�����

 CL.1 � "/

nkx0k C kyk1
n�1X

kD0

CL.1 � "/

n�1�k

 CL

"

kyk1 C CLkx0k; n � 1:

Example 2. In the space X D C.Œ0; 1ç/ with uniform norm, we consider the operators

.Anx/.t/ D e

tCa
.1C t

n � t

nC1=n
/x.t/; t 2 Œ0; 1ç;

where a 2 R is a constant. These operators have the uniform limit A given by the equality

.Ax/.t/ D e

tCa
x.t/; t 2 Œ0; 1ç:

As shown in Example 1, the sequence fAn : n � 1g belongs to the class As.X/ and the spectrum of the
operator A is the segment

⇥
e

a
; e

1Ca
⇤
of the real straight line in the complex plane.

By virtue of Theorem 4, Eq. (1) has a unique bounded solution for any known bounded sequence if a < �1:
In the other cases, the condition of existence is not true.
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